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Abstract
We give a simple example of spacetime metric, illustrating that homogeneity
and isotropy of space slices at all moments of time is not obligatory lifted to a full
system of six Killing vector fields in spacetime, thus it cannot be interpreted as
a symmetry of a four dimensional metric. The metric depends on two arbitrary
and independent functions of time. One of these functions is the usual scale factor.
The second function cannot be removed by coordinate transformations. We prove
that it must be equal to zero, if the metric satisfies Einstein’s equations and the
matter energy momentum tensor is homogeneous and isotropic. A new, equivalent,
definition of homogeneous and isotropic spacetime is given.
Cosmological models constitute a classic part of general relativity and attract now
great interest because of large amount of observational data. Most of the cosmological
models are based on cosmological principle which requires our universe to be homogeneous
and isotropic [1–5]. In particular, all space slices corresponding to constant time must be
homogeneous and isotropic.
We consider spacetimeM with coordinates {t, xµ}, µ = 1, 2, 3, and metric of Lorentzian
signature (+−−−). We assume that t is the time coordinate and every section t = const
is spacelike. According to cosmological principle every section of constant time must be a
three-dimensional space of constant curvature which is homogeneous and isotropic. Then
the usual ansatz for the metric is
ds2 = dt2 + a2
◦
gµν(x)dx
µdxν . (1)
where
◦
gµν(x) is a negative definite metric on three-dimensional space slices S of constant
curvature which does not depend on time. This metric contains only one arbitrary function
a(t) > 0 which is called the scale factor. This is the most general form of the homogeneous
and isotropic metric in a suitable coordinate system (see, for example, [6]).
The form of the metric depends on the coordinates chosen on space slices. We choose
stereographic coordinates. Then the metric takes the diagonal form
g =

1 0
0
a2ηµν(
1 + b0x
2
)2

 , (2)
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where b0 = −1, 0, 1, ηµν := diag (− − −) is the negative definite Euclidean metric, and
x2 := ηµνx
µxν ≤ 0. Since we have chosen negative definite metric on space slices, the
values b0 = −1, 0, 1 describe constant curvature spaces of positive, zero, and negative cur-
vature, respectively. For positive and zero curvature spaces, stereographic coordinates are
defined on the whole Euclidean space x ∈ R3. For negative curvature spaces stereographic
coordinates are defined inside the ball |x2| < 1/b0.
Let us make the coordinate transformation xµ 7→ xµ/a. Then metric becomes non-
diagonal, and the scale factor disappears:
g =


1 +
b˙2x2
4b2
(
1 + bx2
)2 b˙xν
2b
(
1 + bx2
)2
b˙xµ
2b
(
1 + bx2
)
2
ηµν(
1 + bx2
)
2

 , (3)
where
b(t) :=
b0
a2(t)
(4)
and dot denotes derivative with respect to time.
We see that the metric of a homogeneous and isotropic universe can be non-diagonal,
and may do not contain the scale factor. Moreover, the scalar curvature of space slices
which is proportional to b(t) explicitly depends on time.
Let us now simply drop non-diagonal terms, add the scale factor, and put g00 = 1.
Then the metric is
g =

1 0
0
a2ηµν(
1 + bx2
)
2

 . (5)
This metric contains two independent arbitrary functions of time: a(t) > 0 and b(t). It
is nondegenerate for all values of b including zero. It is interesting because allows one
to analyse, in a general case, solutions which go through zeroes b = 0. If such solutions
exist, then the universe can change the sign of its space slices curvature during evolution.
Metric on space slices S of constant time t = const is
hµν =
a2ηµν(
1 + bx2
)2 , (6)
depending on time t as a parameter. Straightforward calculations show that three-
dimensional curvature tensor for metric (6) has the form
Rˆµνρσ = −
4b
a2
(hµρhνσ − hνρhµσ).
Three-dimensional Ricci tensor and scalar curvature are
Rˆµν = −
8b
a2
hµν , Rˆ = −
24b
a2
.
We see that that all space slices are spaces of constant curvature. Therefore there are
six independent Killing vector fields Kˆi = Kˆ
µ
i ∂µ, i = 1, . . . , 6, which act on space slices.
Symmetry transformations on space slices must be prolongated on the whole spacetime.
The usual assumption is that they act trivially on time coordinate [6]. That is Killing
2
vector fields on spacetime have zero time component: Ki := {0, Kˆ
µ
i }. By construction,
any linear combination of Killing vector fields K satisfies the Killing equation
∇αKβ +∇βKα = 0, α, β = 0, 1, 2, 3, (7)
because they do not have time component and time enters space components as a param-
eter. The Killing equation can be rewritten for the contravariant components
gαγ∂βK
γ + gβγ∂αK
γ +Kγ∂γgαβ = 0. (8)
This equation is fulfilled for all moments of time.
The (α, β) = (0, 0) component of Killing equation (8) for diagonal metric (5) is iden-
tically satisfied. The (α, β) = (0, µ) components reduce to equation
∂0Kˆ
µ = 0. (9)
The space components (α, β) = (µ, ν) of the Killing equation decouple
hµρ(t, x)∂νKˆ
ρ + hνρ(t, x)∂µKˆ
ρ + Kˆρ∂ρhµν(t, x) = 0.
These equations are identically satisfied for all moments of time by construction.
There is an interesting situation. On one hand, all space slices of metric (5) are
homogeneous and isotropic. On the other hand, any homogeneous and isotropic metric
must have form (1). The answer is the following. The whole four-dimensional metric (5)
is not homogeneous and isotropic in a sense that Killing equations (7) are not fulfilled.
Indeed, the six independent Killing vector fields on space slices are
Kˆ0µ = (1 + bx
2)∂µ −
2
b
xµx
ν∂ν ,
Kˆµν = xµ∂ν − xν∂µ, µ, ν = 1, 2, 3.
(10)
The first three Killing vectors generate translations at the origin of the coordinate system
x2 = 0, and the last three Killing vectors generate rotations. We see that the first three
Killing vectors explicitly depend on time through b(t), and Eq.(9) is not fulfilled. This
example shows that homogeneity and isotropy of space slices does not provide sufficient
condition for the whole four-dimensional metric to be homogeneous and isotropic. The
equivalent definition is the following.
The spacetime M is called homogeneous and isotropic if:
1) All sections S of constant time t = const are three-dimensional spaces of constant
curvature;
2) Extrinsic curvature of the embedding S →֒ M is homogeneous and isotropic for all t.
Indeed, the first requirement provides the existence of such coordinate system where
metric is block diagonal [7]
g =
(
1 0
0 hµν(t, x)
)
,
where hµν(t, x) is a constant curvature metric for all t. For this metric the extrinsic
curvature is [8]
Kµν = −
1
2
h˙µν .
If it is homogeneous and isotropic, then it must be proportional to the metric, and we get
the differential equation
h˙µν = fhµν , (11)
3
where f(t) is an arbitrary sufficiently smooth function of time.
If f = 0, then nothing should be proved, and the metric has form (1) for a = const.
Let f 6= 0. Then we introduce new time coordinate t 7→ t′ defined by the differential
equation
dt′ = f(t)dt.
Afterwards equation (11) becomes
dhµν
dt′
= hµν .
Its general solution is
hµν(t
′, x) = C et
′ ◦
gµν(x), C = const 6= 0,
where
◦
gµν(x) is a constant curvature metric on S which do not depend on time. It implies
Eq. (1).
In general relativity, we assume that metric satisfies Einstein’s equations
Rαβ −
1
2
gαβR +
1
2
gαβΛ = −
1
2
Tαβ , (12)
where Rαβ is the Ricci tensor, R is the scalar curvature, and Λ is the cosmological constant.
The matter energy-momentum tensor is denoted by Tαβ.
The cosmological principle requires not only the metric but also the energy-momentum
tensor to be homogeneous and isotropic. The most general form of the homogeneous and
isotropic energy-momentum tensor in the coordinate system defined by Eq.(5) is [6]
Tαβ =
(
E 0
0 −Phµν
)
, (13)
where E(t) and P(t) are the matter energy density and pressure.
One can easily calculate the Einstein tensor for metric (5). The off-diagonal component
is
R0µ = −
4b˙xµ
(1 + bx2)2
.
To satisfy Einstein’s equations (12) we must put
b˙ ⇔ b = const
because all other terms are diagonal. Thus for homogeneous and isotropic matter we
return to the original metric (2) on the equations of motion.
Metric (5) describes spacetime which has homogeneous and isotropic space slices. We
have shown that this important property is not sufficient for describing homogeneous and
isotropic universe. The reason is that three of the six Killing vectors on space slices do
depend on time, and their lift to the whole spacetime does not satisfy the four-dimensional
Killing equations. The sufficient condition for the metric to be homogeneous and isotropic
is (i) all space slices must be spaces of constant curvature and (ii) time derivative of the
spacial part of the metric must be homogeneous and isotropic (in the coordinate system
described above). Fortunately, metric of type (5) seems to be excluded by Einstein’s
equations, thus there is no reason to worry too much about this dilemma.
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